Abstract. This paper concerns numerical computation of localised solutions in partial di erential equations (PDEs) on unbounded domains. The application is to the von K arm an{Donnell equations, a coupled system of elliptic equations describing the equilibrium of an axially compressed cylindrical shell. Earlier work suggests that axially-localised solutions are the physically prefered buckling modes. Hence the problem is posed on a cylindrical domain that is unbounded axially and solutions are sought which are homoclinic in the axial variable and periodic circumferentially.
1. Introduction. In recent years there has been a great deal of interest in computing connecting orbits (homoclinic or heteroclinic orbits) in dynamical systems de ned by ordinary di erential equations (ODEs). The key idea behind the direct numerical methods for computing homoclinic orbits to equilibria is to pose a boundaryvalue problem (BVP) on a truncated interval and then use the linearization about the equilibrium to de ne boundary conditions with the correct asymptotic behaviour 4, 20] . These techniques have been applied to great e ect in small ODE systems (see, e.g. 9]) and have been specialized to Hamiltonian 4] and reversible systems 11] . Recently there have also been a number of papers on the related problem of computing homoclinic solutions to periodic orbits, see for example Beyn 5 ], Bai et al 2] and Champneys and Lord 10] .
Although the techniques for continuing homoclinic solutions are now quite well developed, a key problem is locating an initial approximation. One technique is to use a shooting method, which involves solving an initial value problem to nd a solution of the correct form. This has been particularly e ective for small systems of ODEs or in larger systems where the unstable manifold is one-dimensional, or a solution occurs in some restricted subspace such as in 3]. However, in general, this approach is not feasible for a large system such as that arising from the discretization of a partial differential equation (PDE). An alternative approach was used in 10] where asymptotic results were used to locate an initial approximation. In 18] a method of`successive continuation' for nding a connecting orbit was presented with a convergence analysis and applied to a number of ODE examples (see also 14, 15] ). This method, although possibly time consuming, uses continuation of an approximating sequence of BVPs as a kind of shooting method that does not su er from the instabilities inherent in solving initial-value problems.
We also remark that 7] have solved for solutions of elliptic equations on semiin nite domains using asymptotic boundary conditions. They found initial approximations to solutions by connecting asymptotic boundary conditions using piece-wise linear interpolation in such a way as to resemble the non-planar wavefront they sought to compute. In 23] asymptotic boundary conditions are discussed and numerical results presented for the Bratu problem, an initial approximation for Newton's method was either determined from approximating an exact solution or using the method outlined above.
We investigate a coupled system of two fourth-order elliptic PDEs, the von K arm an{Donnell equations posed on a cylindrical domain, which model the post buckling of a long thin cylindrical shell under axial compression. This is a classical problem in structural mechanics and it has long been observed experimentally that the buckling occurs locally along the axial length of the cylinder with a periodic pattern circumferentially of perhaps ten waves, depending on the radius to thickness ratio of the cylinder 19, 46] . In earlier work we con rmed numerically the existence of such solutions 32] and obtained good qualitative and quantitative agreement with experimental data. This indicates that the localization is in fact a property inherent in the perfect cylinder system.
In 32] little detail was given of the numerical method and results were presented for only one type of localised solution. In contrast, the focus of this paper is to describe in some detail the computational steps required to rst locate and then continue homoclinic solutions to the von K arm an{Donnell equations. As such, our aim is that the step-by-step method used will be of practical use in computing connecting orbits in other PDE problems on in nite domains. The technique is demonstrated by computing localised solutions of a variety of types (unimodal and multi{modal, symmetric and cross-symmetric).
We consider an in nitely long cylinder and discretize the von K arm an{Donnell equations circumferentially by the Galerkin spectral method. This yields a large system of ODEs in the axial variable x, for which we seek homoclinic solutions i.e. axially localized solutions. We seek two forms of solutions to the von K arm an{Donnell equations, those which are symmetric axially about a section in the cylinder (see Figure 5 .5) and those that are cross-symmetric axially (that is symmetric in evennumbered waves and anti-symmetric in odd-numbered waves, see Figure 5 .4) about a section through the cylinder. Both these forms are observed experimentally 46] and can be considered as solutions that are symmetric under a reversibility of the ODEs. We are principally interested in \primary" or \uni{modal" (symmetric or cross-symmetric) homoclinic orbits. However recent work 36] strongly suggests the existence of \multi{modal" or n-pulse homoclinic orbits. These appear like n copies of the primary orbit.
Our numerical procedure is somewhat di erent from standard methods for computing post-buckling behaviour in shell structures (cf. 37, 38, 46] ). By solving equilib-rium equations directly rather than using the principle of virtual work, the symmetry structure of the problem is more apparent. Also for localised buckling modes, the analogy with the theory of homoclinic orbits in dynamical systems enables us to understand questions of multiplicities of solution axially far more readily and to pose thè correct' asymptotic boundary conditions. For a comparison between nite-element and dynamical-systems based approaches for computing equilibria in a simpler structural problem, see 26] . We do, however, note that the nite-element work of 45] is similar in spirit to the present work. The approach there is to use ring-elements, that take account of the circumferential periodicity while allowing general displacements axially.
The remainder of the paper is outlined as follows. Section 2 introduces the von K arm an{Donnell equations and their Galerkin approximation. In section 3 we discuss BVP's for homoclinic orbits in conservative and reversible systems and adapt this to the von K arm an{Donnell equations, taking into account the symmetry properties of the solutions sought. In order to locate solutions at xed parameter values, we describe in section 4 an adaptation of the successive continuation technique of 18] which exploits the existing asymptotic results on the von K arm an{Donnell equations. This procedure is illustrated with numerics. Having found an initial approximation, a homotopy technique is described for increasing the number of modes (and hence the accuracy) of the Galerkin discretization of the PDE. A further use of numerical continuation is made in changing the wave-number of the solution in the circumferential direction. Finally we suggest a simple continuation procedure to change the boundary conditions. Numerical results are presented in section 5 for the convergence of the Galerkin approximation and qualitative and quantative validity of the homoclinic solutions as localized buckling solutions. In addition we con rm numerically the existence of multi{modal solutions. All computations were performed using the numerical continuation code auto 16, 17] 2. The von K arm an{Donnell equations and Galerkin approximation.
Here we introduce the von K arm an{Donnell equations and show how they may be treated as an example of a more general PDE problem. Existence of uni-modal (primary) and multi-modal homoclinic solutions is discussed. The Galerkin approximation is introduced and the resulting set of ODEs presented. We discuss symmetries in the problem and brie y consider numerical properties of the discretization.
2.1. The von K arm an{Donnell equations. Consider an in nitely long cylinder of radius R and shell thickness t. The (m = 0 only) in (2:6) and (2:7) yields a linear system for which there are no homoclinic solutions. Thus the simplest approximation we can take that may admit a homoclinic solution is the two mode approximation found by taking M = 2 (m = 0; 1) in (2:6) and (2:7).
A standard periodic analysis of the von K arm an{Donnell equations seeks the minimum load = d and corresponding axial and circumferential wavelengths such that a bifurcation occurs. One may easily show in this way that d = 2 . Wavelengths for which = d lie on a circle in axial/circumferential wave space as rst elucidated by Koiter 31] . For a weakly non-linear analysis of mode interaction of solutions close to the Koiter circle for the von K arm an{Donnell equations see 27] . Interpreted in the present context, this analysis suggests that once a circumferential wave number has been chosen, then there is a small amplitude bifurcation of (a pair of) homoclinic solutions at = d as in the normal form of a Hamiltonian-Hopf bifurcation 30].
Alternatively the value d at which the bifurcation occurs may be found in the standard way by considering the linearization of the von K arm an{Donnell equations about the trivial solution. This is equivalent to nding the eigenvalues of the in nite matrix A M (M = 1) in (2:9) with s = 1 and determining the values of when the eigenvalues cross the real axis. This occurs in the zero mode (m=0) at = d = 2 . From this we conclude that the von K arm an{Donnell equations and Galerkin approximation share the same bifurcation point.
We note that equations (2:6) and (2:7) could equally well have been derived from the variational form (2:4) used to derive (2:1) and (2:2 3. The homoclinic boundary-value problem and its solution. We seek homoclinic solutions to (2:6) and (2:7) truncated for some M. As already mentioned these ODEs are conservative and reversible. First we brie y review methods for constructing well-posed BVPs for homoclinic solutions to hyperbolic equilibria in ODEs of the form (2:8) that are either conservative or reversible. Then we discuss the implementation of these methods to de ne continuation problems for solutions to (2:6), (2:7) as varies. Finally we look at methods for locating solutions at xed parameter values. 
where L s;u are matrices whose rows span the left eigenspace of the corresponding stable (s) and unstable (u) eigenvalues. In addition we require a phase xing condition to be satis ed which we denote by (U) = 0:
In the special case where the system is reversible and a homoclinic solution is sought that is invariant under the reversibility, the boundary-value problem may be simpli ed, see 11] . In this case, the right hand-boundary conditions (3:3) may be replaced by a condition placing solutions in the xed point set of the reversibility (2:14). Since (2:14) is one less constraint than (3:3) we can remove one free parameter, namely the breaking parameter 1 .
For error estimates relating solutions of the full problem (3:1) to those of the truncated boundary value problem (3:1) we refer the reader to Beyn 4] 3.2. Speci c implementation. We now discuss the implementation of the above boundary-value problem for the Galerkin approximation given by (2:6), (2:7) for a xed value of M.
Recall from section 2 the de nition of the bifurcating buckling load d . For < d the linearization of (2:6), (2:7) about the trivial solution yields 4 zero eigenvalues, (4M ?2) eigenvalues in the left half-plane and (4M ?2) eigenvalues in the right halfplane. The non{zero eigenvalues occur in complex conjugate pairs. We see from the linearization that the equilibrium is not hyperbolic and instead has a centre{stable and centre{unstable manifolds. However by inspection it is clear that these the zero eigenvalues and associated directions are a consequence of the 'degeneracy' in the zero mode. Thus, although we solve for the full system we consider the reduced linear problem for computing the projection boundary conditions (3:2). The degeneracy in the zero mode forces the boundary conditions for that mode to be modi ed, as we now describe. For symmetric or cross-symmetric homoclinic orbits, we seek solutions of the following BVP. Rescale (2.6, 2.7) to the interval (0; 1) and solve subject to In total we have 8M boundary conditions for 8M equations, which is the appropriate number for a well{posed problem. This BVP can be solved by a regular continuation code, such as auto 17, 16] , to compute load-de ection bifurcation diagrams. Numerical results, found using the BVP described above, are presented in section 5. A harder computational problem is to locate solutions at a xed load. It is this problem that we now address. 4 . Location of an initial solution. For systems of ODEs of the form (2:8) arising from the discretisation of PDEs, a variety of techniques can be applied to locate an initial homoclinic solution for continuation. We describe those techniques which have proved useful for the von K arm an{Donnell equations and illustrate each technique with sample numerical results.
To compare with the experiments of Yamaki 46] and the asymptotic analysis of 28] all calculations were performed for a shell with = 0:01mm ?1 ; t = 0:247mm; = 0:3; E = 5:56GPa:
In the gures below x is plotted on 0,2T] unless otherwise indicated and x,y,w(x; y) and Fourier coe cients a k are measured in mm. All computations (other than those for Figure 4 .1) were performed using the numerical continuation code auto and, unless otherwise stated, the number of collocation intervals ntst=20.
Clearly the ideal situation is to have an analytic solution for some set of parameters; more realistically an approximate solution may be available. In 7] an initial approximation was constructed from a piece-wise linear approximation to the sought after solution. In low dimensional systems numerical shooting has proved a successful technique for nding an approximate solution, but is, in general, unsuitable for a large system of equations.
One form of approximate solution that is often available arises from an asymptotic expansion about the bifurcation point. This may either be a closed form of solution (such as used in 10]) or may require a simpler set of equations to be solved numerically. Full details on the asymptotics may be found in 27]. Note that, even in this reduced space, shooting for homoclinic orbits to (4:4) to an equilibrium with three dimensional stable and unstable manifolds requires much ad-hoc use of numerical search routines. Moreover, there is no guarantee that the asymptotic solution will converge when substituted as an initial approximation to a solution of the full BVP.
Step 1: Shoot to nd a homoclinic solution to the ODE system (4:4) for the asymptotics. In this case we sought a homoclinic solution to (4:4), symmetric about a section S in the slow space variable X (see The example shown in Figure 4 .1 was computed with = 2 since approximate initial guesses for shooting were available from 27, Fig. 3 ]. With = 2 the condition for the solution to lie on the Koiter circle is that n = 15. These were the values used to get an initial approximation. A number of di erent values of (and hence X) were taken. The length of the interval for the slow variable X over which A; B and C are solved for gives a length for the interval 0; T] for the variable x.
Step 2: From equations (4:2) and (4:3) we can easily nd an initial guess for the Step 3: Try the initial guesses of Step 2 in auto as solutions to the boundary value problem (2.2{2.6), taking as a free parameter one of the problem parameters (for example ). This was found to work in a small number of cases. 4.2. Successive continuation. We now describe an implementation of the method described in detail in 18] (see also 15, 14] for other applications). For PDEs of the form (2:5), the method is applied to the ODEs in the lowest possible number of modes for which it is possible to obtain homoclinic solutions. For the case of the von K arm an{Donnell equations, described below, this corresponds to M = 2: a sixteen-dimensional system of equations.
We introduce 12 extra parameters, 6 parameters to span the unstable eigenspace at the left hand end point (at x = 0), and 6 parameters to parameterize the symmetric section boundary conditions (at x = 1). We solve (2.6, 2.7) subject to the following 22 boundary conditions, leaving 7 free parameters. The other free parameter is taken to be one of the parameters k ; k = 1; 6. As a zero of one of the equations of (4:6) is found the corresponding k is xed and an additional parameter k ; k = 1; 6 is freed.
In practice, it was found that this method always converged to a solution, but there is no guarantee to what solution, and a number of attempts found the trivial (zero) solution. Knowledge of an asymptotic solution can be useful in decreasing the possibility of nding the trivial solution and in speeding up the successive continuation method. Speci cally we can use the asymptotics to give a good initial approximation to the projection onto the unstable eigendirections at the left hand end point. Also, knowledge of how multi-modal orbits accumulate on unimodal orbits in the unstable manifold (as in 6]), can speed up the process for locating multi-modal solutions.
In In the implementation it was on occasion necessary to reduce the length of the interval T arti cially for Newton's method to converge. It was also found that a judicious choice of which parameters are free at x = 0 could be used to ensure that the continuation was successful. Finally recall that the successive continuation method did on occasion converge to the trivial solution.
(a) (b) (4:7), and so U M 0 is the unique solution satisfying the boundary conditions. Hence (4:7) is satis ed by the previous homoclinic solution computed for M ? 1. Numerical continuation can then be used to homotopy to = 1, whence we have a homoclinic solutions with one extra mode. This method was always found to be successful in the computations that follow, but was not always required for larger M since the BVP solver would converge directly to a solution from an initial guess with U M 0 and = 1. This is to be expected since as the number of modes is increased we expect convergence of the Galerkin approximation and the contribution in the added mode to be correspondingly small. In Figure 4 2:7)) we require a method for nding a solution in a di erent wave number s 0 . To achieve this we use continuation in s, treating s as a real variable. Note that these solutions only make physical sense as solutions of (2:1),(2:2) with periodic-in-y boundary conditions, if s is an integer; a real-valued s is merely a way to be able to homotopy a solution to a new wave number. An example of such a computation is shown in Figure 4 .5 in which we have plotted the maximum value of the Fourier mode a 0 of the displacement w against the seed s. This shows that, given a solution for a particular integer s, we are able to nd a corresponding solution for any other integer value of s. Note that as s becomes small (approximately s < 5) the von K arm an{Donnell model loses validity 31]. 4.5. Changing boundary conditions. Finally we require a homotopy technique to change between the two types of boundary conditions: symmetric (2:10) and cross-symmetric (2:11). To achieve this we introduce a homotopy parameter into the boundary conditions (3.5-3.6). Thus we solve the BVP described in section 3 with from the longest of such shells, length L = 160:9 mm. Note that even this could hardly be described as long, since its aspect ratio (length to diameter) is only L=2R 0:8.
Yamaki found buckle patterns which were both symmetric and cross-symmetric.
We compare with experiments the minimum, W min , and maximum W max , values of the displacements w(x; y) at = m , and the ratios rst local minimum in the bifurcation diagram, see Figure 5 .1). For the numerical simulations, m was taken to be the rst limit point on the branch of homoclinics as the loading parameter was decreased from d . For the aspect ratio, , only the axial wavelength was required from the simulations, since the circumferential wave number and hence corresponding wavelength were known. In the symmetric case the axial wavelength was de ned to be the axial distance between two minima, that is the distance between the point P and Q on the contour plot Figure 5 .4. In the cross-symmetric case the axial wavelength was de ned to be twice the axial distance between a maximum and a minimum, that is twice the distance between the point P and Q on the contour plot Figure 5 .5.
In the bifurcation diagram, Figure 5 .1, we plot the load against a measure of the end shortening de ned by the arc{length In the computations below the half length of the cylinder T was taken to be T = 250, T = 300, or (for direct comparison with Yamaki 46] ) T=100. All the initial approximations were found using the methods described in section 4. The values for m W min , W max and were found to be essentially independent of the length of the interval T solved over in accordance with results of 4, 40] and 39]. We recall that in the gures below the length of the cylinder x is plotted on 0; 2T ], y is plotted on 0; 2 R] and x, y, W min , W max and Fourier coe cients a k are measured in mm.
First we examine convergence of the numerics as the number of circumferential modes used in the approximation is increased. Results are presented for the symmetric solution in Table 5 .1 and for the cross-symmetric solution in Table 5 Cross-symmetric case: convergence of the minimum load m, ratio of wavelengths and the minimum and maximum displacements W min and Wmax as the number of modes in the approximation is increased.
case we compare the values of m = d , , and the minimum and maximum values if the displacement W min , and W max as M is increased. We see that M = 6 appears to give convergence to one decimal place in all four quantities in both cases (roughly equivalent to the accuracy of the experimental data). Another indication of convergence was that, in introducing the new harmonic from M = 5 to M = 6, the M = 5 solution with zero in the 6th mode was a su ciently good approximation to enable Newton's method in auto to converge without the need for the homotopy technique described in section 4.3. Unless otherwise indicated, the remaining results are presented for M = 6 (corresponding to a system of 48 ODEs) taken as a good balance between accuracy and computational tractability.
5.1. Uni-modal solutions. In Figure 5 .1 we have plotted the bifurcation diagram in (a) the symmetric case for s = 7; 8; 9 and 11 and in (b) for the cross-symmetric solution with s = 8; 9; 10 and 11. The curve of homoclinic orbits originates, in both cases, from the bifurcation point d 1:494912 10 ?3 on the axis. The limit point m is at the rst minimum value of the loading parameter along the curve originating at d .
We now examine the solutions along the bifurcation branch, taking as an example the seed s = 11 in both the symmetric and cross-symmetric cases. In Note that the contribution from the Fourier modes a 4 and a 5 is small in magnitude, and hence di cult to distinguish. However, these modes do contribute overall as can be seen from Tables 5.1 We now consider a quantative comparison between our numerics and experimental results. Note that it was found in 32] that the aspect ratio was sensitive to small changes in the parameter and so this measure is not included in the comparison. In Table 5 considered.
Firstly we recall that the aspect ratio (length to diameter) 0:8 and hence the experimental cylinder is, in fact, not very long. We see from Figures 5.2, 5.4, 5.6 and 5.7 that the symmetric solutions computed appear to have a long axial wavelength and hence are, in some sense, less localized than the cross-symmetric solutions. The same phenomenon is observed experimentally as may be seen, for example, by comparing Figures 3.52e(b-f) in 46] . Thus one factor in the discrepancy may be that the experimental cylinder is too short for the symmetric form of solution and that the clamped end conditions are a ecting the solution.
Secondly, consider the bifurcation diagram Figure 5 .1 (a). We see that the curves atten before the minimum m occurs, particularly so for the seed s = 7 and s = 8.
The same is true in the experimental case, see for example 46, Fig.3.52e(a) ]. In the numerical simulations the minimum is accurately located by the limit point detection routine in auto, but no such routine is available for the experiments. For the seed s = 9, for which the minimum is easier to locate, we do achieve good agreement with the experimental data.
For the cross-symmetric case there is no such ambiguity. Table 5 the low seed numbers s = 8 and s = 9 there is a slight discrepancy in the load parameter m . However these curves again are at around the minima and hence there is some experimental error in detecting the minimum accurately.
5.2. Multi-modal solutions. The techniques described in section 4 may be used to nd not only the primary or uni-modal solutions discussed in section 5.1, but also other forms of solutions. We were able to verify computationally the existence of multi-modal (cross-)symmetric solutions. The initial multi-modal solution was found from the successive continuation process (described in section 4.2) for M = 2, and s = 15 with symmetric boundary conditions. We applied the homotopy technique of section 4.5 to change the boundary conditions from symmetric to cross-symmetric. Note that owing to the sharply varying form of the multi-modal solutions it was necessary to increase the number of collocation intervals in auto from ntst= 20 to Comparison of our results with experimental and traditional spectral approximation for symmetric form of the solution. ntst= 25 or 28 16, 17] .
In Figure 5 . Table 5 .4
Comparison of our results with experimental, traditional spectral approximation and asymptotic analysis for a cross-symmetric form of the solution. Conclusion. We have carefully described the computational aspects of computing homoclinic orbits for the von K arm an{Donnell equations. Our aim has been to illustrate carefully the steps taken in these computations and hence to describe a strategy more generally applicable to computing localized solutions in PDEs. A major problem in solving for homoclinic orbits directly by a BVP, is nding an initial approximation. We have illustrated a number of practical techniques for nding initial conditions and exploited continuation to change the form of the solution. In a large system, such as that arising from the discretization of a PDE, shooting to nd an initial approximation is not practical. In the case where no exact form of solution is available an asymptotic analysis may provide an approximate solution (this was of limited use for the von K arm an{Donnell equations). Failing this, the method of`successive continuation' may be applied, which is a form of shooting as a BVP in a reduced space. This approach was illustrated using the von K arm an{Donnell equations. We applied continuation to change the symmetry in the problem (by changing the seed mode s), to increase to number of Galerkin modes circumferentially and to change the boundary conditions. Our experience has shown that a careful combination of all these techniques may be necessary for a thorough investigation.
Finally in section 5 we presented numerical results for the buckling cylinder problem and compared our results with experimental data. Qualitatively, we found good agreement for both the symmetric and cross-symmetric forms of solutions. For the symmetric form of solution there were some discrepancies between the numerical and experimental results. These may be explained by the experimental cylinder not being su ciently long. Another factor was the experimental di culty in determining minima accurately. No such problems were found for the cross-symmetric form of solution: which closely matched the experiments.
Our results suggest that the buckling of a long thin axially compressed cylinder is well described by a localization theory based on homoclinic solutions. The localization occurs naturally as a solution to the von K arm an{Donnell equations, independently of any imperfections in the cylinder, and this demonstrates that the corresponding asymptotic boundary conditions are the natural boundary conditions for the computation of buckling solutions of long cylinders. 
